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Abstract The cosmological observations suggest that the
presently accelerating universe should be filled by an ex-
otic form of matter, violating the strong energy condition,
of unknown nature and origin. We propose the viscous dark
matter of a source of acceleration in the form of Chaply-
gin gas which is characterized by equation of state in the
phenomenological form p = − Aρα , where p and ρ are pres-
sure and energy density respectively (A and α are constants).
Chaplygin gas is interpreted in terms of viscous matter and
without the cosmological constant. The acceleration effect is
caused only by viscosity in this class of cosmological mod-
els. We show that bulk viscosity effects introduced to the
standard FRW cosmology give rise to the natural unification
of both dark matter and dark energy. We show that dust vis-
cous cosmological models are structurally stable if m < 1/2
(1+α = 1/2−m).
1 Introduction
In the pursuit of solving the Universe acceleration problem,
different candidates for the description of dark energy were
proposed. One of them was fluid described by the equation
of state in the phenomenological form p = − Aρα , where p
and ρ are pressure and energy density respectively (A and α
are constants). The problem of interpretation of this equation
of state for Chaplygin gas was addressed by Gorini et al. [1]
who pointed out the importance of a possible theoretical ba-
sis for the Chaplygin gas in cosmology. They were looking
for a fundamental mechanism to produce this form of fluid
as a source term in the right-hand side of the Einstein equa-
tion. As a proposition of such a mechanism they indicated
the brane model. Our investigation are going to find another
possible theoretical basis for Chaplygin gas. Therefore, we
ae-mail: marek.szydlowski@uj.edu.pl
be-mail: adam.krawiec@uj.edu.pl
shift our attention from dark energy to dark matter to inves-
tigate the cosmology with fluid described by the equation of
state for Chaplygin gas.
In their pioneering papers, both Murphy and Klimek in-
vestigated the dynamics of cosmological models with bulk
viscosity [2, 3]. He studied models with Einstein’s (posi-
tive and negative) cosmological constant and viscosity coef-
ficient being the power function of matter density with the
exponent m. He found some interesting phase space struc-
tures for some positive values of parameter m. While he
found some exotic dynamics in some specific intervals of
positive values of exponent parameter, he left the domain of
negative values of parameter m unexplored.
In general, in the past studies of bulk viscosity cases of
m < 0 were neglected. In this paper we consider the vis-
cosity as a property of Chaplygin gas and study the dynam-
ics of the cosmological model with viscous fluid (Chaplygin
gas) and baryonic matter (dust). It can be shown that mat-
ter with bulk viscosity described by the parameter m in the
interval [− 32 ,− 12 ) corresponds to matter in form of (gener-
alized) Chaplygin gas with parameter α ∈ (0,1]. Moreover,
this cosmological model with (generalized) Chaplygin gas is
supported by present astronomical data. Therefore, cosmo-
logical model with bulk viscosity requires more scrupulous
studies.
The equation of state in the form p = −Aρ was first put
forward in 1904 by the Russian physicist S. A. Chaplygin
to describe the adiabatic process in the aerodynamical con-
text [4, 5]. This form of equation of state was recently pro-
posed as a candidate for dark energy in the Universe [6].
Although the postulated form of equation of state has purely
phenomenological character, currently its generalizations ad-
mitting the more general form of equation of state p =− Aρα
where 0 ≤ α ≤ 1 have been proposed [7]. It was pointed
out by Bento et al. that the model with Chaplygin gas can
be described by a complex scalar field which action can
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2be written as the generalized Born-Infeld action. Attractive-
ness of the equation of state for Chaplygin gas comes from
the fact that it gives the unification of dark energy and also
dark matter which is proposed in astrophysics to explain the
flat rotation curves of spiral galaxies [8]. The future singu-
larity t = ts is affected from bulk viscosity with the equa-
tion of state p =−ρ−Aρβ [9]. Many authors have studied
constraints on the model parameters from various observa-
tional data. The stringent constraint on the Chaplygin gas
can be obtained from CMB anisotropy measurements [10],
the gravitational [11], lensing surveys, the X-ray gas frac-
tions of clusters, [12, 13] the age measurements of high-
z objects [14] and using SNIa [15, 16]. This constraint in
terms of two parameters of Chaplygin gas (As,α) is
ρChapl = ρChapl,0
(
As+(1−As)a−3(1+α)
) 1
1+α
(1)
where ρChapl,0 is energy density of Chaplygin gas at present,
As = A/ρ1+αChapl,0 is substitution of the parameter A. The rela-
tion (1) is a consequence of conservation condition
ρ˙+3
a˙
a
(ρ+ p) = 0 (2)
The both parameters of the model with Chaplygin gas are
related with physical quantity of squared velocity sound
c2s =
d p
dρ
=−α p
ρ
(3)
c2s,0 = αAsρ
α−1
Chapl,0. (4)
Velocity of sound cs is positive provided that m <− 12 .
Let us consider now the standard FRW model filled with
some dissipative fluid. Several cosmological models have
been studied in which the fluid has the bulk viscosity coef-
ficient, usually parameterized, following Belinskii and Kha-
latnikov, in a power law
ξ (ρ) = βρm (5)
where β and m are constants [3, 17–21]. If we introduce bulk
viscosity to the FRW models then conservation condition
ρ˙ =−3H
(
ρ+(γρ−3ξ (ρ)H)
)
(6)
can be integrated for the Belinskii-Khalatnikov parameteri-
zation viscosity coefficient ξ (ρ) = ρm. Integration gives
ρ(a) =
ρ0a
−3(1+γ−α¯), m = 1/2 (α =−1)(
A+ B
a3(
1
2−m)(1+γ)
) 1
1
2−m m 6= 1/2 (α 6=−1)
(7)
where α¯ = β
√
3.
In further consideration we ignore an exceptional case of
m = 1/2. This case corresponds to a situation the equation
of state of Chaplygin gas assumes the form of perfect fluid
with the equation of state p =−α¯ρ .
2 Bulk viscosity interpretation as generalized Chaplygin
gas
Let k = 0 (flat model) filled with dissipative fluid with pres-
sure and non-interacting matter with the equation of state
p = γρ . Then ρ(a) can be integrated in an exact form from
(6)
p = γρ−3ξ (ρ)H (8)
ρ = 3H2 (9)
dρ
da
=−3ρ
a
[
(1+ γ)−
√
3βρm−
1
2
]
(10)
We consider an expanding universe and choose H(t) to
be positive. It would be convenient to introduce new variable
E instead of original ρ , namely
E : ρ
1
2−m = E.
We rewritten the conservation condition to the new form in
terms of elasticity of ρ with respect to the scale factor a
1
3
d lnρ
d lnE
d lnE
d lna
= (1+ γ)−
√
3βρm−
1
2 .
Then after introducing a new Hubble time parameter τ
τ = lna(t)
we obtain a linear equation in the form
dE
dτ
=−3
(
1
2
−m
)
(1+ γ)E +3
√
3β ,
Finally as a solution we obtain
E(τ) = Bexp
[
−3
(
1
2
−m
)
(1+ γ)
]
τ+
√
3β
( 12 −m)(1+ γ)
= Bexp
[
−3
(
1
2
−m
)
(1+ γ)
]
τ+A,
where A =
√
3β/
( 1
2 −m
)
(1+ γ) is positive if
( 1
2 −m
)
(1+
γ) is positive.
Therefore E(a) dependence has the form
E(a) = Ba−3(
1
2−m)(1+γ)+A
or
ρ(a) =
[
Ba−3(
1
2−m)(1+γ)+A
] 1
1
2−m . (11)
In consequence
V (a) =−1
6
a2
[
Ba−3(
1
2−m)(1+γ)+A
] 1
1
2−m .
3In our further analysis we assume that A is positive and
will parametrize constant A and B in terms of the paramete
As.
Let us consider Chaplygin gas for comparison
ρ(a) =
(
A+
B
a3(1+α)
) 1
1+α
(12)
where comparison (11) and (12) gives 1+α = (1+ γ)( 12 −
m). Then for γ = 0 (dust) we obtain
α =−1
2
−m (13)
Therefore, for dust matter with viscosity parameterized by
the Belinskii-Khalatnikov viscosity coefficient (5) we obtain
ρ(a) =
[
A+
B
a3(1+γ)(1+α)
] 1
1+α
. (14)
By choosing both positive values of A and B constants we
see that for small a and positive α the above expression can
be approximated by
ρ ∝
B
1
1+α
a3(1+γ)
(15)
that corresponds the universe dominated by perfect fluid scal-
ing like ρ ∝ a−3(1+γ). For large value of scale factor a, if α
is positive then
ρ ∝ A
1
1+α (16)
which, in turn corresponds to an empty universe with the
cosmological constant
Λ = A
1
1+α (17)
Note that in opposite case if α < 0 is considered then ρ(a)
relation interpolates between cosmological constant and mat-
ter dominated phases of evolution. If γ = 0 (dust) is as-
sumed then our model interpolates between the dust dom-
inated phase and de Sitter phase. As an intermediate regime
we obtain a mixture of dust and cosmological term. In gen-
eral case it is a regime described by the equation of state for
some mixture p = αρ and the cosmological constant fluid.
The universe is accelerating provided that
ρ+3p = ρ− 3A
ρα
< 0 → ρ < (3A) 11+α . (18)
The condition a¨ > 0 is equivalent to
a3(1+γ)(
1
2−m) >
B
2A
(19)
Due to the Hamiltonian approach to the quintessential
cosmology with general form of equation of state p=w(a)ρ
it can be useful to represent it in the form of a Hamiltonian
dynamical system
H =
a˙2
2
+V (a) =− k
2
(20)
where V (a)= ρeffa
2
6 . The corresponding Hamiltonian system
is
x˙ = y (21)
y˙ =−∂V
∂x
(22)
y2
2
+V (x) =
Ωk,0
2
, (23)
where x is value of the scale factor expressed in the units of
present value and
V (x) =−1
2
Ωx(x)x2− 12Ωb,0x
−1 (24)
here the new variable τ is the reparameterized time variable
t→ τ : H0dt = dτ.
The potential (24) contains the contribution from Chaplygin
gas with the density parameter Ωx,0
Ωx =Ωx,0
[
As+
1−As
x3(1+γ)(
1
2−m)
] 1
1
2−m (25)
where Ωx,0 is the density parameter for viscous matter with
the equation of state p= γρ and the contribution from bary-
onic pressureless matter with the density parameter Ωb,0.
Subsequently, from equation (23) for x˙= 1 (H =H0) we
obtain the constraint
Ωx,0+Ωb,0 = 1. (26)
The potential (24) depends on the parameter m. We con-
sider two qualitatively different cases: m< 12 and m>
1
2 . The
former is presented in figure 1 and the latter in figure 2. A
maximum and minimum on the diagrams of potential func-
tions correspond to a saddle and center, respectively, on a
phase portrait. Given the acceleration equation, the possibil-
ity of the universe acceleration can be determined from a
shape of the potential function. The deceleration phase cor-
responds to the increasing function V (a) and the accelera-
tion phase to the decreasing function V (a).
x˙ = y (27)
y˙ =
∂
∂x
(
1
2
Ωb,0x−1+
1
2
Ωx,0x2(As+
1−As
x3(1+γ)(
1
2−m))
) 1
1
2−m
)
(28)
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Fig. 1 The potential (24) with As = 0.7, Ωb,0 = 0.05, Ωx,0 = 0.95
for five values of m in the interval m < 12 : the cosmological constant
(m = −1/2), generalized Chaplygin gas (chosen m = −1 from the in-
terval (−1/2,−3/2)) and Chaplygin gas (m=−3/2). The deceleration
phase is for a< asaddle and the acceleration phase is for a> asaddle. The
domain below the diagram of potential function is forbidden for clas-
sical motion from the condition y2 ≥ 0.
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Fig. 2 The potential (24) with As = 0.7, Ωb,0 = 0.05, Ωx,0 = 0.95 for
three values of m in the interval m > 12 . The deceleration phase is
a < asaddle and a > acenter while the acceleration phase is for asaddle <
a < acenter. The domain below the diagram of potential function is for-
bidden for classical motion from the condition y2 ≥ 0.
with the first integral
y2
2
=
1
2
x2Ωx,0
(
As+
1−As
x3(1+γ)(
1
2−m)
) 1
1
2−m +
1
2
Ωb,0x−1. (29)
Let us note that phase space is invariant with respect to
mirror y→−y and x→ x.
This relation represent algebraic equation for phase tra-
jectories in phase space (x,y). The evolution of the scale fac-
tor is represented by zero energy level in fig. 1 because we
assume k= 0. The domain beneath the parabola is forbidden
for the classical motion if we assume k = 0.
In the recent series of papers the quantum effects of mas-
sive scalar fields are considered on the background of FRW
model. These corrections reproduce equation of state for the
viscous radiation fluid which correspond γ = 13 and then
ρ(a) =
(
A+
B
a4(
1
2−m)
) 1
1
2−m (30)
Therefore, this form of the equation of state interpolates
two different phases of evolution of the universe, namely,
the phase of radiation domination and the phase of de Sitter
through an intermediate phase of coexistence both effects.
It is possible to find the exact solution for the model with
viscous fluid in the form of the following dependence
t(a) =
2√
3
(1−As) −11−2m a 32×
× 2F1
(
1
1−2m ,
1
1−2m ,
2−2m
1−2m ,−
As
1−As a
3( 12−m)
)
.
(31)
Kamenshchik et al. found the exact solution for the flat
case of cosmological model with the Chaplygin gas [5]
t(a) =
1
6 4
√
A
ln 4
√
A+ Ba6 +
4√A
4
√
A+ Ba6 −
4√A
−2arctan 4
√
1+
B
Aa6
 .
which is a special case of (31) for A = As, B = 1−As and
m =−3/2 (α = 1).
3 Dynamical analysis
The cosmological models with Chaplygin gas were tested
empirically with astronomical data in many papers [12, 13,
16, 22, 23]. The stability of the FRW models with Chaplygin
gas was investigated by Szydlowski and Czaja [24].
In this context, using the Akaike information criterion
(AIC) of model selection for model comparison, it is found
that recent observational data support the MCG model as
well as other popular models. The statistical analysis of as-
tronomical data gave the best fit value of the three parame-
ters (γ,As,α) in the MCG model as (−0.085,0.822,1.724)
[25].
Estimation gives for example that As = 0.70+0.16−0.17 and
α =−0.09+0.54−0.33, at a 95% confidence level, which is consis-
tent within the errors with the standard dark matter + dark
energy model, i.e., the case of α = 0. Particularly, the stan-
dard Chaplygin gas (α = 1) is ruled out as a feasible UDME
by the data at aÂa˘99% confidence level [13].
In the standard cosmological model ΛCDM, both dark
and visible matter are pressureless. To investigate the role of
baryonic matter in the viscous cosmological model, the two
cases should be considered
1. all matter (dark and visible) is viscous;
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Fig. 3 The phase portrait of the cosmological model (27)-(28) with
As = 0.7, Ωb,0 = 0.05, Ωx,0 = 0.95 and Chaplygin gas m = −3/2
(α = 1). Trajectories on the right to the saddle are for the accelerat-
ing universe.
2. dark matter is viscous but baryonic matter is non-viscous,
treated as an additional non-interacting fluid.
From the dynamical analysis we find that dynamical evo-
lution in both cases is equivalent quantatively. Therefore, the
following dynamical analysis targets the second case.
In the dynamical analysis we assume that As = 0.7, γ =
0, Ωx,0 = 0.95 and Ωb,0 = 0.05 (baryonic matter). Then we
study qualitatively the dynamics of cosmological models (27)-
(28) with the parameter m chosen both from interval m <
1
2 and m <
1
2 (or equivalently α > −1 and α < −1). We
draw their phase portraits using XPPAUT software [26]. In
figure 3 the phase portrait of the cosmological model with
Chaplygin gas m =−3/2 is presented. Note that for large x
trajectories focuses around the line y/x = const, asymptoti-
cally they goes to the de Sitter universe.
In figure 4 the phase portrait of cosmological model with
viscous fluid m = 3/2 is presented. In both cases the bary-
onic matter is included in the model (Ωb,0 = 0.05). The ab-
sense of baryonic matter (Ωx,0 = 1) does not change quali-
tatively the phase portraits in both cases.
In contrast to figure 3 this system is structurally unstable
because of the presence the non-hyperbolic critical point—
the center. This means that small perturbation of the right
hand of the system (27)-(28) leads to a non-equivalent struc-
ture of phase space. For large x the phase space structure is
organize by separatrices joining the saddle at finite domain
(shown in figure 4) and a second saddle on the circle at in-
finity.
Note that there is also a second argument for the con-
firmation of the existence of structural instability, namely,
there exists the separatrix joining two saddle points on the
phase portrait [27]. Therefore, following the Peixoto theo-
rem such systems forms a zero-measure set of systems in
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Fig. 4 The phase portrait of the cosmological model (27)-(28) with
As = 0.7, Ωb,0 = 0.05, Ωx,0 = 0.95 and Chaplygin gas m = 3/2 (α =
−2). Trajectories between the saddle and the center are for the accel-
erating universe. Because of the presence of a non-hyperbolic critical
point (the center), this system is structurally unstable.
the space of dynamical systems on the plane. The model of
universe to be structurally stable should possess only the de-
celeration and acceleration phases [28].
4 Duality relation for viscous fluid with p = γρ
Let us consider now some reflectional symmetries called du-
ality relation [29–39] of the model under consideration. The
presence of this symmetries give us to generate new solu-
tions from knows due to symmetries.
In the FRW cosmology the basic equation which deter-
mines the evolution of the Universe is the acceleration equa-
tion
dH
dt
=−1
2
(ρeff+ peff) =−32 (1+weff),
where ρeff, peff, weff are effective energy density, effective
preasure and effective coeficient equation of state.
The first look at this relation unable us to observe reflec-
tional symmetry of the type: (ρeff+ peff) reflect on −(ρeff+
peff), and H reflects on −H (the scale factor a change on its
inverse a−1), then the basic acceleration equation does not
change the form, therefore reflections are symmetry opera-
tion. It is simple interpretation of this symmetry:
Let us consider for simplicity case of const weff = γ .
Then if a(t) is the solution of the acceleration equation with
the equation of state parameter γ =−1+δ , then a−1 will be
for equation of state parameter (−1−δ ).
It is simple consequence that ρeffH−2 = const is invari-
ant of the scaling symmetries of the FRW equation [40] (see
also [41]).
If we look at a dynamical system with some additional
baryonic matter one can observe that this type of symmetry
6is preserved if m is established. Hovewer, let us discover a
new type of generalized duality symmetries.
If (1+ γ) is reflected on a symmetric value with respect
to m = 1/2 on (1+ γ), then the solution H(t) changes to
H−1. There is some simple interpretation of this kind duality
relation, namely, if H(t) is the solution of the acceleration
equation with γ equals (−1+ δ ) and m equals (−1/2+ ε),
then 1/H will be also the solution for γ equal −1−δ and m
equal −1/2− ε , where δ , ε are arbitrary constants.
Scaling symmetries called also homological symmetries
play an important role in the FRW cosmology [35, 40, 41].
In this context Szydlowski and Heller proved that the FRW
dynamical system in state variables (H,ρ) admits a Lie group
symmetries [40, p. 574]
Theorem 1 Friedmann’s dynamical system
H˙ =−H2− 1
6
(ρ+3p)+
Λ
3
ρ˙ =−3H(ρ+ p)
with p= γρ , γ = const, admits a Lie group with the infinites-
imal operator X =−At∂/∂ t+AH∂/∂H+2A(ρ¯+Λ)∂/∂ρ;
and, vice versa, from the invariance of the above system with
respect to the operator X it follows the equations of state p=
γρ+ p0, p0 ∼Λ . The equation of the group invariant is that
of the flat model trajectory ρ − 3H2 +Λ = 0. Finite trans-
formations of the group are: H¯ =Heτ , ρ¯+Λ = (ρ+Λ)e2τ ,
t¯ = te−t , (H,ρ) 6= (0,0).
One can derive basing on these symmetries homological
theorems [42]. From these symmetries t is switch on tA−1, H
is switch on AH and ρ is swiched on ρA2 is symmetry trans-
formaion (for physical interpretation see [39]). From these
theorems we obtain that if H2ρ−1 = const is a solution, then
(AH(t))2(A2ρ)−1 = const will be also a solution. The homo-
logical theorems gives us a simple possibility of generating
new solutions from knows ones. If we choose A =−1 (H is
reflected on H−1 or a is reflected on a−1), then we obtain a
corresponding duality relation. Therefore, homological the-
orems are good way to find some duality relations.
It is also interesting that the parameter m = 1/2 is dis-
tingushed by homological symmetries. If we assume that
the FRW dynamical system (with the term Λ ) with viscous
matter admits analogous symmetries generated by the sym-
metry operator X , then symmetries enforce just this value
of the viscosity parameter. Therefore, the parameter value
(m = 1/2) distinguished by Brevik [43] is also justified by a
homological type of symmetries.
5 Conclusion
Our paper has a theoretical character and concentrate on in-
terpretation of the FRW cosmological model with bulk vis-
cosity effects in the domain of cosmological models with
Chaplygin gas. We considered cosmological model with vis-
cous matter without the cosmological constant. Addition-
ally, we make difference between dark matter and visible
matter as the former is viscous and the latter non-viscous.
In our approach viscosity is rather a attribute of dark matter
than a property of environment. The acceleration effect is
caused only by viscosity in this class of cosmological mod-
els.
Moreover we reduced the dynamics of dissipative FRW
model with bulk viscosity in the Belinskii-Khalatnikov pa-
rameterization to the conservative dynamical system of a
Newtonian type. We constructed for this system some poten-
tial and its dynamics was reduced to the motion of a particle
of unit mass moving in this potential which is the function
of the scale factor.
Due to this reduction one can classify all possible evo-
lutional paths directly from the geometry of the potential
function. For this aim we considered levels of constant en-
ergy (parameterized by the curvature constant parameter).
Then the phase portrait can be drawn as in classical mechan-
ics. The potential function is given in the form of a family
of two parameter functions of the dimensionless scale factor
(α,γ).
As the ΛCDM model is considered as a standard one in
cosmology, we stress that its phase structure should be in-
herited by any competitive model. We show that the model
with viscous matter (m< 1/2) and without the cosmological
constant possesses the equivalent structure of phase phase.
The equivalency is understood as a homeomorphism of tra-
jectories of both systems preserving the direction of time.
Models with Chaplygin gas are dedicated for realization
of unification of dark matter (pressureless, i.e. cold matter
satisfying the equation of state for dust, p = 0) and dark en-
ergy given in the form of the cosmological constant param-
eter, where the form of the equation of state is taken from
acoustic considerations [1]. On the other hand we pointed
out on a dissipative origin of this form equation of state in
the present paper. In the same sense as quartessence is a way
to unify dark matter and dark energy, viscous fluid is an idea
of unifying dark energy with dust matter. The framework for
this type of unification is the generalized Chaplygin gas.
From the astronomical data we know that the ΛCDM
model is the best one in the light of other theoretical hy-
potheses of dark energy [25]. After reduction the FRW cos-
mology dynamics to the FRW dynamics with Chaplygin gas
one can draw two-dimensional phase portraits and we get
that for reasonable model parameters both portraits for the
ΛCDM model and the CDM model with bulk viscosity are
topologically equivalent. Of course, this theoretical require-
ment puts limits on the values of model parameters.
In the recent paper Brevik and Normann [43] have ob-
tained the value of m = 1/2 to be distinguished by the cur-
rent Universe. We have found that cosmological models with
7viscous matter and without the cosmological term should be
structurally stable provided that the parameter m < 1/2.
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